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PROFILE UNDER CURVE SHORTENING FLOW 
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Abstract. We prove a comparison theorem for the isoperimetric pro- 
files of simple closed curves evolving by the normalized curve shortening 
flow: If the isoperimetric profile of the region enclosed by the initial curve 
is greater than that of some 'model' convex region with exactly four ver- 
tices and with reflection symmetry in both axes, then the inequality 
remains true for the isoperimetric proflles of the evolved regions. We 
apply this using the Angenent solution as the model region to deduce 
sharp time-dependent upper bounds on curvature for arbitrary embed- 
ded closed curves evolving by the normalized curve shortening flow. A 
slightly different comparison also gives lower bounds on curvature, and 
the result is a simple and direct proof of Grayson's theorem without use 
of any blowup or compactness arguments, Harnack estimates, or classi- 
fication of self-similar solutions. 



1. Introduction 



The curve shortening flow (csf) produces a smooth family of curves = 
X^S'^^t) in the plane M^, from an initial curve 70 given by an immersion 
Xq : S*^ — M^, according to the equation 



(1) 



ax 




where k is the curvature of the curve 7,-, N is the outward unit normal, and 
primes denote derivatives with respect to a local parameter on S^. This 
system has received considerable study, and in particular it is known that 
for any smooth immersion Xq there exists a unique solution on a finite max- 
imal time interval, and that the maximum curvature becomes unbounded as 



the maximal time is approached IGH . Gage G , G2 and Gage and Hamilton 



GH considered the case of convex embedded closed curves, and proved that 



solutions are asymptotic to shrinking circles as the final time is approached. 
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Grayson |G] then extended this result to arbitrary embedded closed curves. 
Our aim in this paper is to provide an estimate on the curvature for embed- 
ded closed curves evolving by curve shortening flow, and deduce from this a 
simple proof of Grayson's theorem. 

In recent work AB we used isoperimetric estimates to deduce curvature 
bounds for embedded solutions of curve shortening flow. The result was 
obtained by controlling the lengths of chords to the evolving curves, as a 
function of the arc length between the end points and elapsed time, extend- 



ing an idea introduced by Huisken H2 . In particular sufficiently strong 



control of chord length for short segments implies a curvature bound, strong 
enough to provide a rather simple proof of Grayson's theorem. Our argu- 
ment showed that chord lengths can be bounded from below by a function 
f{i, t) of arc length £ and elapsed time t, provided / satisfies a certain dif- 
ferential inequality. We then produced an explicit solution of this inequality 
which we discovered purely by accident, and for which we have no simple 
motivation. 

Subsequently [AB2 we used similar ideas to give sharp curvature esti- 
mates for the normalized Ricci flow on the two-sphere. As before, the key 
motivating idea is that sufficiently strong control on an isoperimetric pro- 
file implies control on curvatures, but in this case we no longer relied on a 
purely serendipitous calculation: The solutions of the differential equality 
in that case are in direct correspondence to axially symmetric solutions of 
the normalized Ricci flow itself, and in particular explicit solutions could be 
constructed from an explicit solution of Ricci flow known as the Rosenau 
solution or 'sausage model'. 

In this paper we show that the same situation arises in curve shorten- 
ing flow when one estimates the isoperimetric profile of the enclosed region 
(related estimates were used by Hamilton to rule out slowly forming singular- 
ities jH|). As in the Ricci flow case, we deduce a comparison result from any 
solution of a certain differential inequality, and solutions of the correspond- 
ing equality are in direct correspondence with symmetric solutions of the 
curve shortening flow. Using the explicit symmetric solution constructed by 
Angenent (known as the 'paperclip' solution, we deduce a very strong upper 
bound on curvature for an arbitrary embedded solution of curve shortening 
flow. 

A new ingredient which arises here is that the isoperimetric estimate does 
not imply lower bounds on the curvature k (in contrast to the result in [ ABJ 
where a bound on — 1 is deduced for normalized solutions). However we 
can deduce a suitable lower bound on k, by estimating the isoperimetric pro- 
file of the exterior region, and indeed the lower bounds we obtain (produced 
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by comparison with a self-similar expanding solution) have some similarity 
to those which arise in Ricci flow. 

2. Notation and preliminary results 

To set our conventions, we routinely parametrize simple closed curves in 
the anticlockwise direction with outward-pointing normal, which means the 
Serret-Frenet equations take the form 

X' = \X'\J; 

r = -k|X'|N; 

N' = k\X'\J. 

Our result is most easily formulated in terms of a normalized version of 
the curve-shortening flow, which we now introduce: Given a solution X of 
([l]), we define X : x [0,T) ^ 

where A[7r] is the area enclosed by the curve 7,-, and 

t= I -^cLt' and T= I — ^dr'. 



^[lA Jo A[^r'] 

Then the rescaled curve 74 = X{S^,t) has A['yt] = vr for every t, and X 
evolves according to the normalized equation 

(2) ^ = X-kN = X+ ^ 



dt \X'\ \\X' 

where k denotes the curvature of 74. Our main result controls the behaviour 
of solutions of ([2]) via their isoperimetric profiles, which we now discuss. 

Let O be an open subset of of area A (possibly infinite) with smooth 
boundary curve 7. The isoperimetric profile of is the function ^ : (0, A) — )• 
M+ defined by 

(3) "^(^,0) = mi{\dnK\: KOQ, \K\ = a} . 

Here dnK denotes the boundary of as a subset of which is given by the 
part of the boundary of X as a subset of M? which is not contained in 7. If 
dil, is compact, then for each a € (0, A), equality in the infimum is attained 
for some K Cfl, so that we have |-fC| = o and |3n-ftr| = ^{a), and in this case 
dnK consists of circular arcs of some fixed radius meeting 7 orthogonally. 

Later in the paper we will also consider the exterior isoperimetric profile 
^ext(^)-)) which is simply the isoperimetric profile of the exterior of Q: 
^ext(^)a) = ^'(M^ \0,,a). If O is compact with smooth boundary, the 
exterior isoperimetric profile is defined on [0,oo), and for each a > there 



4 



BEN ANDREWS AND PAUL BRYAN 



is some region K in the exterior of 0, which attains the isoperimetric profile 
in the sense that \K\ = a and |^2\QiC| = ^'ext(^^, o)- 

Proposition 1. For any smoothly bounded domain of area it, we have 

^(^,a) - V27ra _ 4supg^K _ ijm ^exti^,a) - V27ra _ AMqqk 
a Stt ' a->o a Stt 

Proof. In the case J7 = -Bi(O) wc can check this result explicitly, since the 
isoperimetric regions are precisely the disks and half-spaces which intersect 
-Bi(O) orthogonally, so that the isoperimetric profile is given implicitly by 

a = 6* - tan0 + (7r/2 - 6')tan2 6l and ^'(Bi(O), a) = (tt - 26*) tan6', 

from which the asymptotic result ^{Bi{0),a) = \/2'Ka— |^ -|-0(a^/^) follows. 

The exterior isoperimetric profile can be computed similarly: In this case 
the isoperimetric regions are the intersections with M^\Bi(0) of disks which 
meet the boundary orthogonally, so the exterior isoperimetric profile is de- 
fined implicitly by the identities 

a = tan^ - 61 + (7r/2 + 6')tan^6' and 'I'cxt(-Bi(0), a) = (vr - 26*) tan6'. 

By scaling, we have also that the isoperimetric profiles for a ball of radius 
r are given by 

*(B,(0), a) = r^{Bi{0),a/r^) = V2na - p- + 0{a^/y, 

OTTr 

*ext(Sr(0), a) = r*ext(5i(0), a/r^) = V27m + ^ + 0{a^/^). 

OTTr 

We also note the isoperimetric profile of a half-space: '^{{x > 0}, a) = V27ra. 

In the general case, we begin by proving ^{^,a) < \/27ra -|- 0(a): Let 
p G dQ,, and set Kj. = Bj.{p) OCl. A direct computation gives 

\dnKr\ = irr + 0{r^) 

while 

\Kr\ = ^r^ + 0{r^) 
as r — >■ 0. Setting o = \Kr\ and rearranging, we find 

(4) ^{n, a) < \dQKr\ = V27ra + 0(a) 
as a ^ 0. 

Now we prove the stronger result: Let X : M — )• dfl be a unit speed 
counterclockwise parametrization of the boundary, and define Y : (M/LZ) x 
[0, S) ^ rthj Y{u, s) = X{u)—sU{u). For small S > this map parametrizes 
a neighbourhood of the boundary, with induced metric given by 

(5) g{ds, ds) = 1, g{ds, 5„) = 0, g{du, 5„) = (1 - sK{u)f. 



ISOPERIMETRIC PROFILE COMPARISON FOR CURVE SHORTENING FLOW 5 




Figure 1 . Isoperimetric regions of the unit disk 



For K GM we define a 'model' region with the origin in its boundary: 



{{x,y) : X <0}, K = 0; 

R^\{B\^\-i{\k\-\0)), k<0. 



For any u E M, we can construct a local diffeomorphism x from a neighbour- 
hood of X{uo) in to a neighbourhood of the origin in as follows: 



x(Yiu,s)) 




k{u)~ 



k{u) = 0; 
k{u) / 0; 



We see from ^ that x is nearly an isometry, in the sense that there exists 
r > such that x maps Br{X{uo)) n 17 to a neighbourhood U of the origin 
in Ok in such a way that g{l — Cd?) < x*9 ^ 5(1 + CcP), where d is the 
distance to X{uo) (comparable to s + |n — n|) and g is the standard metric 
on M^. We prove an upper bound on the isoperimetric profile as follows: For 
a sufficiently small, we can find an isoperimetric domain K for il^ contained 
in U such that x~^i^) has area a (hence K has area at least a(l — Ca)). 
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But then we have 



<y/2^\-^ + C\K\'/^ 



< V2 



vra 



"3^ 



+ 



The reverse inequahty is proved similarly: By the estimate Q, for a small 
the isoperimetric domain K for 17 of area a is contained in the domain of 
the map x centred at some point X{uq). Then we have 



>\dnMK)Uil-Ca) 
> {l-Ca)^{n^,\x{K)\) 

>(1-Ca) f v/2vr|xWI - 



3tt 



c\xm 



3/2 



> V2 



vra 



Ana 

\x*9 



where we used = |-f^lx*g ^ ~ C!a) = a(l — Co). 

3. A COMPARISON THEOREM FOR THE ISOPERIMETRIC PROFILE 



□ 



In this section we show that the isoperimetric profile of a region evolving 
by ([2| can be bounded below by any function satisfying a certain differential 
inequality, provided this is true at the initial time. In the following section 
we will show how to construct such functions from particular solutions of 
the normalized curve shortening flow. In order to state the main result of 
this section we first require the following definition: 

Definition 2. For a, 6 G M, we define 

2 .1 / „i X 2 



T[a, h] = inf 



dx 



dx 



(f^ dx 



if dx 



V.gC-([0,1]), (^(0) = v5(1) 



}■ 



A direct computation shows that 



1 



cosfa/2) 
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where this should be interepreted as a suitable limit in the case a = 0. In 
particular, in the region where J-[a, h] is positive, it is a smooth function of 
a and h which is strictly decreasing in h. 

Theorem 3. Let f : [0, n] x [0, oo) — )• M 6e continuous, smooth on (0, vr) x 
(0,oo), concave in the first argument for each t, and symmetric (so that 
f{z,t) = /(vr — z,t) for all z,t). Assume that limsup^_^Q < 1 and 

% < -f-'nff, ff] +f+ - 2a) - /(/')' 

for all a G (0, tt) and t > 0. Suppose 7t = dVtt is a family of smooth embedded 
curves evolving by ^ and satisfying ^{^lo,a) > /(a,0) for all a G (0,7r), 
then ^{^It, a) > f{a, t) for all t >0 and a G (0, vr) . 

Proof. We argue by contradiction: If the inequality *I'(Ot,a) > f{a,t) does 
not hold everywhere, then define to = inf{t : ^(ilf, a) < /(a, t) for some a G 
(0,7r)}. Since ^(J7f,a) is continuous in a and t, and ^'(rif,a) > f{a,t) 
for a sufficiently close to either or vr, we have ^'(17^, a) > f{a,t) for 
all a G [0,vr] and < t < to, and there exists oq G (0, tt) such that 
^(iltg,ao) = /(ao,to)- Let K be an isoperimetric region in Qto of area 
ao, so that \dntgK\ = f{\K\,to). 

The concavity of / has topological implications for K: 

Lemma 4. Let f : (0, vr) — t- M be positive, strictly concave, and symmetric 
in the sense that f{iT — x) = f{x) for each x. IfQc is a compact simply 
connected domain of area vr with ^{0,,a) > f{a) for every a, then every 
region K inVL with \dQ^K\ = f{\K\) and \K\ G (0,vr) is connected and simply 
connected. 

Proof. We first prove that K is connected, by contradiction: Suppose Ki 
and K2 are nonempty open subsets of K with K = Ki U K2 , then we have 

f{\K\) = \dnK\ 

= \dnKi\ + \dnK2\ 

>fm\) + f{\K2\) 

> f(0) + f(\Ki\ + \K2\) 

>m\), 

where the strict inequality follows from the strict concavity of /. This is a 
contradiction, so K is connected. 

Since \dn {n\K)\ = \dnK\ = f{\K\) = f{TT-\K\) = f{\n\K\), the same 
argument implies that Q\K is connected. It follows that dnK has only one 
component and that K is simply connected. □ 

Lemma 5 (First variation). K has constant curvature equal to f. 
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T(«+) = n(0) 




Figure 2 . A smooth variation of the domain K in Q,to ■ 



Proof. Given any smooth function 93 : [0, 1] M, there exists a smooth 
variation a : [0,1] x (-6,6) with cr([0,l],0) = dn^^K, a{0,s) = 

X{u+{s),to) and (t(1,s) = X(u-{s),to), and such that ^(x, 0) = (p{x)n, 
where n is the outward-pointing unit normal to K. Write ^ = 77n-|-,^t, where 
t = CTx/Wxl is the unit tangent vector, and by assumption r](x,Q) = ip{x) 
and ^{x, 0) = for each x G [0, 1]. 

Let Kg be the region in bounded by the curve for each s G 

(—6,5). The area of Ks is given by the following expression: 



2 70 



da , 1 

a X —dx + - 
ox 2 



X X du 



u-{s) 



du 



where a is evaluated at {x,s) and X at {u,to)- We can assume that the 
parameter u is chosen to be the arc-length parameter at time to, so that 
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^ = T everywhere. Differentiating with respect to s, we find: 



d_ 
ds 



1 1 d 

\Ks\ = - (77n + ^t) X t|(7a;|da;+ - / a x — (r/n + ^t) dx 
^ Jo ^ Jo o'x 

+ l-u+X{u+) X T{u+) — l-u-X{u-) X T{u-) 



f 

Jo 



+ ^u+X{u+) X T{u+) — ^u-X{u-) X T(u_) 

(7) = / r]{x,s)\a3:\dx. 

Jo 

Here dots denote derivatives with respect to s. We integrated by parts and 
used the identity n x t = 1 to produce the second equahty, and the last 
equality uses the following identities which are proved by differentiating the 
equations a{l) = X{u-) and a{0) = X{u+) with respect to s: 



-(1) = -- 
ds^ ' ds 

da d 



ivn + ^t) = —(0) = ^X(n+(s)) = ^+T(^.+). 



Next we compute the rate of change of the length of cr([0, 1], s) = dnt^Ks'. 

d_ 
ds ' 



(8) = t-d^ (r/n + ^t) dx 



f 

Jo 



(9) 



Jo 

= / r]Ka\ax\ dx + 
Jo 



where is the curvature of a. At s = we have rj = (f and ^ = 0, so 

o r 1 

-{\dn,^Ks\-fi\Ks\,to))\^^^= I ip{K^-f')\a.\dx 







Now we observe that \dn^^^Ks\ > 'i'^ftto^ \^s\) ^ /(l-^sMo) for each s, with 
equality for s = 0. Therefore the derivative with respect to s vanishes when 
s = for any choice of ip, and it follows that = f at each point of cro- ^ 
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Lemma 6 (Second variation inequality). For any (p : [0, 1] — )• M, 

K{u^Mlf + K{u+MOf<- (\ldx-f{ff [\'dx-ff"(f\dx 

J Jo Jo \Jo 



In particular 
(10) 



Kiu^) + Kiu+)<jT{ff',ff"). 



Proof. We consider the variations from the proof of the previous lemma. 
Differentiating equation ([7|) we find 

s=Q Jo 



■ dx 



= {'n + V^l^a) Wx\ dx. 
Jo 



To compute the second derivative of the length I^Qj^-ftTgl it is convenient to 
differentiate equation 



92 I 



\dx{r,n + ^t)f _ |t-a^(r?n + gt)p 



dx 



+ y t • dxds (r?n + ^t) dx 

Jo \<^x\ 

+ / Kan- ds{r]n + S,t)\ax\dx. 
Jo 



To expand this further we need to compute 

ds ds \ \ax\ 

^ dx{r}n + it) t-a^(r?n + gt) ^ 



^ - fcC ) n. 



It follows that 



ds 



n 



and hence we have (since = for s = 0) 
d 



ds 



(r/n + et)|^^o = ??n + (e-^)t 
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Substituting this above, and using the result of Lemma [Sj we deduce: 



s=0 



dx + f I ■q\ax\ dx+ [i 



Wh 



Now we observe that differentiating the identity X{u^{s)) = a{0,s) twice 
with respect to s yields 



r)n+(e-?^)t 



x=0 



ds (r?n + ,^t) 



x=0 



d 



Xiu, 



^+T(u+)) 



At s = we have N(uj 



ds 

= n+T(u+) — (ii+)^ K(n4_)N(n_(_). 
-t(0) and ?7n|^.=o = ^+T(a+), so 



mx 



x=0 



V?(0)2K(n+) 



Similarly, we have (since N(n_) = t(l) and rin\x=i = U-T{u-)) 



VVx 

Wx\ 



x=l 



-<^(l)2K(n_). 



Thus the second variation for length becomes 



dx+f' / 'i]\ax\dx—(f{0)'^K{u+)—(f{l)'^K{u-). 



Putting the second variations for length and area together, and choosing the 
parameter x to be constant speed at s = (so that = /) we find 



f 



s=0 

V?^ dx — lf{0)'^K{u+) — (/7(1)^k(u_) 
fl 



fif'r I ^-'dx-ff" 



1 ^ 2 
if dx 







This completes the proof of Lemma [6j 
Lemma 7 (Time variation inequality) 
df 



□ 



dt 



+ /'(vr - 2\K\) + / - fif f < k{u^) + k{u 



where f and ^ are evaluated at (|i^|,to); ^Lf^d f denotes the derivative of 
f with respect to the first argument. 
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Proof. Consider any smoothly varying family of regions {Kt} for t < to 
close to to, with Ktg = K. Describe the boundary curves by a smooth 
family of embeddings a : [0, 1] x (to — S, to] — > M? with a{x, t) € ^t, cr(0, t) = 
X{u-^-{t),t), and a{l,t) = X{u-,t). Note that such a family always exists. 
Then we have \dn^Kt\ — f{\Kt\,t) > for each t e [to — S,to], with equality 
at t = to- It follows that dt {\^Q^Kt\ — f{\Kt\,t)) |^^^^ < 0. We compute 



\dntKt\ = / \cTx\ dx, 
Jo 



while 



I /"«+(*) 

\^t\ = 7:1 a X ax dx + - X x Xudu. 



2 Ju-{t) 



Write dt(T = V + a. For convenience wc choose the parameter u to be 
arc- length parametrisation for t = to- Differentiating the first equation gives 



d 



Q^\dn,Kt\ = 1^ t-dx(y + a)dx 



f 

Jo 

= \dntKt\+ I t-dxVdx 
Jo 

= \dntKt\+t-V\ + I KaTa.-V\ax\dx. 
Jo 

Since a{0,t) = X{u-^-{t),t) and a{l,t) = X{u-{t),t) for each t, we have 

(11) a{0) + V{0) = X{u+) - k{u+)N{u+) + t(+T(u+); 

(12) a{l) + V{1) = X{u-) - k{u-)N{u-) + u_T(m_). 



The first terms on left and right cancel. Since N(?x_|_) = — 1(0) and H{u- 
t(l), we have F(0) ■ t(0) = k{u+) and V{1) ■ t(l) = -k(u_), and so 

(13) ^JdnM = \dn,K\ - k{u.) - k{u+) + f V-n\ax\dx. 

Ot t=to Jo 
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Next we compute the rate of change of the area: 



d_ 
dt 



Kt 



d I 



t=to dt 



a X ax dx + 



1 



u+{t) 



X X Xudu 



1 

- [{a + V)xax + (7xdx{(7 + V)]dx 
^ Jo 

+ ^ I ^ [{X - kN) X Xu + X X du{X - kN)] du 
+ u+X{u+) X T(n_|_) — u_X(n_) x T{u-) 



2\K\ + 

+ 



V X t\ax\ dx + -a X V 



Kdu X X N 

2 



u+ 



+ M+X(u_|_) X T(n+) — u^X{u-) X T(u_) 



2\K\ + / V ■ n\aJ dx 



K du, 



where in the last step we used equation (11) and (12), the identities cr(0) = 
X{u+), cr(l) = X{u-), t(0) = -N(m+), t(l) = N(ti_), T(u_) = n(0), and 
T(n+) = — n(l), and the fact that the parameter u is chosen to be the arc- 
length parameter at time to, so that = 1. Now since cr([0, l],io) and 
X([n_, to) form a simple closed curve with two corners of angle vr/2, the 
theorem of turning tangents implies 



a+ 



SO that (since \ax 

and hence 
(14) 



Kdu+ / Ka\(Jx\ dx = TT, 

Jo 

f and K„ = f) 

I Kdu = Tr-ff', 

J U — 



d_ 
dt 



t=ta 



2\K\+ff -t:. 



Finally, combining equations ( 13 ) and ( 14 ) we deduce 



()>dt{\dn,Kt\-f{\Kt\,t)) 



t=to 



f _ ^(^_) _ ^^u+) + f'{7T - 2\K\) - fif) 



/^2 



dl 
dt 



as claimed. 



□ 
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Now we can complete the proof of Theorem [Sj Combining the inequahty 
from Lemma [T] with inequahty (10), we find 



-% + f + f'i^ - 2|^l) - /(/')' < + < jTiff, ff") 

where /, /' and /" are evaluated at (|i^|,to)- But this contradicts the 
strict inequality in the theorem. Therefore the inequality ^'(i7t,a) > f{a,t) 
remains true as long as the solution exists. □ 

4. The Isoperimetric profile of symmetric convex curves with 

FOUR vertices 

In this section we determine the isoperimetric regions and isoperimetric 
profile for convex domains which are symmetric in both coordinate axes 
and have exactly four vertices. This result is somewhat analogous to the 
characterization of isoperimetric regions in rotationally symmetric surfaces 
with decreasing curvature due to Ritore [Rj . We use it in the next section to 
construct solutions of the differential inequality arising in Theorem [3j 

Theorem 8. Let 7 = dO,, where 0, is a smoothly bounded uniformly convex 
region of area vr with exactly four vertices and symmetry in both coordinate 
axes, with the points of maximum curvature on the x axis. Let X : M — 
be the map which takes 6 £ to the point in 7 with outward normal 
direction (cos 9, sin 9) . Then for each 9 £ (0, vr) there exists a unique constant 
curvature curve ag which is contained in il. and has endpoints at X{9) and 
X{—9) meeting 7 orthogonally. Let Kg denote the connected component 
of Q \ ag containing the vertex of 7 on the positive x axis. Then there 
exists a smooth, increasing diffeomorphism 9 from (0, vr) to (0, vr) such that 
Ka = ^g(a) area a for each a G (0,7r), and the isoperimetric regions of 
area a inCl are precisely Ka and its reflection in the y axis. 



Proof. Since 17 is uniformly convex and 7 is smooth, for each 9 £ M there 
exists a unique point X(9) G 7 where the outward unit normal is equal to 
^10 _ (cos 0, sin 0). Furthermore we can write X{9) in terms of the support 
function h : R/{2ttZ) ^ M of f), defined by h{e) = sup{(x, e^^) : x £ n}: 

(15) X{9) = {h{9) + ih'{9))e'^. 

The radius of curvature at the corresponding point is then given by h" + h. 
The symmetry assumptions on 0, imply that h is even and 7r-periodic. 

For strictly convex 0, it was proved by Sternberg and Zumbrun |SZ| that 
the boundary dnK of an isoperimetric region K is connected. Therefore we 
have two possibilities: The first case is where the curvature of the boundary 
is zero, in which case K = Q n {x : {x,e^^) < r} for some 9,r £ M. 
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Figure 3. Isoperimetric regions of the elhpse {x^+Ay^ < 4}, 
according to Theorem [8| 

Since OqK meets 7 orthogonally, the endpoints of points of intersection must 
have normal orthogonal to e*^, and so are the two points X{9 + vr/2) and 
X{e-7r/2). But then we must also have (X((9+7r/2),e^^) = {X{6-7r/2),e''^), 



which by (15) and the symmetry of h implies 



O = ((Me+^) + z/i'(^+Pe^(^+t)-(M^-^)+./.'(0-|))e^(^-f),e^^) 
Lemma 9. h'{9) = only for 9 = !f, k eZ. 

Proof. Since h is even and vr-periodic, we have h^^^ + /i' = at each of the 
points 9 = so there are four vertices (critical points of curvature, hence of 
the radius of curvature) at 9 = 0, tt/I, ir and 37r/2. Since there are precisely 
four vertices by assumption, we have h^^^ + /i' 7^ at every other point. By 
assumption /i"(7r/2) + /i(7r/2) > h"{0) + h{0), so we must have /i^^^ + h' > 
on (0,7r/2). 

NowletP((9) = /i' (61) cos 61 -/i" ((9) sin 6* and Q ((9) = /i'(6') sin 6l + /i"(6l) cos 6*. 
We have P(0) = h'{0) = and P' = -(/i^^) + h')sm9 < on (0,7r/2), 
so P < on (0,7r/2]. Also we have Q{tt/2) = h'{ir/2) = and Q' = 
(/i(3) + h')cos9 > on (0,7r/2), so Q < on [0,7r/2). But then h'(9) = 
P{9)cos9 + Q{9)sm9 < on (0,7r/2). Thus h has no critical points in 

(0,7r/2), and hence also no critical points on for any A; G Z 

since h is even and periodic. □ 
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It follows that the only possibilities for isoperimetric regions of this kind 
are the intersections of the coordinate half-spaces with Q. These all divide 
the area of into regions with area '/r/2, and so the only ones which can 
be isoperimetric are those with shorter length of intersection, which are the 
halfspaces of positive or negative x. 

The second case is where the curvature of the boundary of K is non- 
zero, in which case K = n Br{p) for some r > and p £ M?. In this 
case the intersection of the circle Sr{p) with 7 consists of two points X{92) 
and X{9i), and since the circle meets 7 orthogonally the line from p to 
X{9i) is orthogonal to e'^^, and we have p = X{9i) -\- rie^^^ . Similarly 
p = X{92) — rie^^'^. That is, we have by (15) 



p = {h{9i) + ih'{9i) + ir)e'^^ = {h{92) + i/i'(^2) - ir)e'^^. 



The equality on the right can be solved for r: Multiply by e «(^i+^2)/2 ^^^^ 
write A = . This gives 



2ircosA = {h{92) - h{9i))cosA- {h'{92) + h'{9i))smA 

+ i [{h{92) + h{9i) sin A + {h'{92) - h'{9i)) cos A] . 



Since r is real, the real part of the right-hand side vanishes. We denote this 
by G{9i,92): 



Gi9i, 92) := {h{92) - h{9i)) cos A - (h'{92) + h'{9i)) sin A. 

Lemma 10. The zero set of G consists precisely of the points {0i + 02 = kii} 
for k £ 7j and the points {92 — 9i = 2kiT} for k £ Z. 

Proof. The symmetry oik implies h{9) = h{9 + kTr) = h{kTT — 9) and h'{9) = 
h'{9 + kir) = —h'{kTT — 9) for any k € Z. Thus when ^2 + ^1 = kn we 
have h{92) = h{k^ - 9i) = h{9i) and h'{92) = h'ikn - 9i) = -h'{9i), 
and hence G = 0. Also, when 92 — 9i = Ikn then we have sin A = and 
h{92) — h{9i) = 0, so G = 0. To show the converse, we compute the derivative 
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of G along lines of constant 9i + 62'- 

dC 1 

— = /i'(02)cosA- -(/i(^2)-M^i))sinA 

002 ^ 

- h" {02) sin A- ^{h'{9i) + /i'(02))cosA 
= -ih"{e2) + h{e2))smA 

+ ^{h'{e2) - h'{6i) cos A + + h{d2)) sin A; 

dC 1 

_ = cos A + - (/i'(^i) - /i'(02) sin A 

- /i"(0i)sinA + ^(/i'(02) + /i'(^i))cosA 
= -(/i"(0i) + /i(0i))sinA 

+ ]^{h'{62) - h'{6i) cos A + + /i(02)) sin A. 

Taking the difference gives 
r)C riC 

(16) Qe-2~de[ = t^^"^^^^ + ^^^^^^ " ^^"^^'^ + ^^^'^^ 

As above, the assumption that 7 has exactly four vertices with the points of 
maximum curvature on the x axis implies that h" + h\s strictly increasing on 
intervals [/cvr, (A:+2)7r], and strictly decreasing on intervals [(A; + 2)vr, (/c + l)7r] 
for any k £ Z. The symmetries of h imply that G is odd under reflection in 
the lines 9i + 62 = 0, 62 — 9i = and 62 + Oi = vr, and even under reflection 
in the line 02 - 9i = vr, and that 0(6*1 + vr, 6*2 + vr) = G(6'i, 6I2) and G(6'i + 
TT, 6*2 — vr) = — ^2)- Therefore it suffices to show that G 7^ on the fun- 
damental domain W = {{01,62) : ^1 G (-f , f ), ^2 G (|0i|, vr - |0i|)}. The 
monotonicity of h" + h implies that /i"(6l2) + /i(6'2) > /i"(6'i) + /i(6'i) on W. 



Equation (16) implies that G is increasing along lines of constant 9i + 62 in 
W away from the line {O2 = ^1} where G = 0. Hence G is positive on W as 
required. □ 

The lemma implies that the only candidates for boundaries of isoperimet- 
ric regions of this type are the following two families: 

For each 6 £ (0,vr/2) there is a unique region = Q Ci B.^.(^0-j{p{9)), 
where p{9) lies in the positive x axis, and the outward normals to at the 
endpoints of d^Kg make angles ±6 with the positive x axis. In this family 
we also take K^^2 to be the intersection of J7 with the positive x half-space, 
and K^_Q is the exterior in Q, of the reflection of Kg in the y axis. 

The second family is similar but with centres on the y axis: Kg = Vtr\ 
Bp(^0){q{6)), where q{6) lies in the positive y axis, and the outward normals 
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to at the endpoints of dfiKg makes angles ±9 with the positive y axis, for 
< 6 < 7r/2, while K^^^ is the intersection of $7 with the upper y half-space, 

and K^_Q is the exterior in Q, of the reflection of in the x axis. Note that 
these regions are candidates for the isoperimetric region only if has only 
a single boundary curve, which is not always the case. 

Note that we do not claim at this stage that the regions Kq and Kg define 
simply connected sub-regions of for every 9 £ (0,-7r): The curves certainly 
exist, but may intersect the boundary of at other points. Indeed this 
certainly occurs for very long, thin regions for the family Kg. We will prove 
below that the family Kg are always simply connected and have a single 
boundary component. 

The following result shows that only the Kg can be isoperimetric regions: 

Proposition 11. For any 9 G (0,7r) for which d^Kg is connected, there 
exists a smoothly family of regions {K{s) : |s| < 5} with K{0) = Kg, 
i\Kis)\ = for all s, and £\dnK{s)\^^^ = 0, and ^\dnKis)\^^^ < 0. In 
particular. Kg does not minimize length among regions with the same area. 

Proof. The idea of the proof is to use the fact that the isoperimetric domains 
inside a round ball are neutrally stable (with the direction of neutral stability 
given by rotation around the disk). We will transplant this variation onto 
dnKg to produce an area-preserving variation for which the second variation 
of the length |(9n-ftr| is negative. 

As in Lemma we parametrize dfiKg by a smooth map do : [0, 1] — )• 
with (To(0) = X(tt/2 + 9) and (To(1) = X{tt/2 — 9), and |(?a;0"o| constant 
(equal to the length \dnKg\). For any smooth function ip : [0, 1] — )• M 

with J^ipdx = 0, (To can be extended to a smooth family of embeddings 
a : [0,1] X (5,6) — )• O with the following properties: cr(x,0) = cro{x) for 
all X £ [0,1]; a{0,s) = X{9+is)) and a{l,s) = X{9.{s)) for some 9±{s); 
^cj(x,s)|^_g = (p{x)n{x), where n is the outward-pointing unit normal to 
Kg] and the areas of the enclosed regions Kg are constant: 

\KJ = - axcrxdx+ X x Xf> d9 = IK^I. 



Je^is) 

As in Lemmajsjwe write || = ??n+^t, so that r]{x, 0) = (p{x) and ^(x, 0) = 0. 
The computation of Lemma [6] yields the following: 

-Q^\Ks\\^^Q = j {r] + ip'^K^)\ax\dx = ^; 

^\dM\s=o = tr^dx + K, [\\ax\dx - v{0)\{9+) - ^{l)\{9-). 
Jq \ax\ Jo 
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Figure 4. A candidate isoperimetric region Kg, given by 
the intersection with 17 of a disk with centre on the y axis. 
Also shown is a disk B of radius f = 4 which meets the same 

K 

curve orthogonahy. 



The first identity gives an expression for r]\ax\dx, which we substitute in 

the second equation to give 

(17) 

OS Jq \(7x\ 

since «;+(0) = 7r/2 + (9 and k__(0) = 7r/2 - 6*. 

It remains to choose ip to make this expression negative. To do this we 
note that there is a unique disk B which meets the curve ctq orthogonahy 
at the same pair of endpoints. By symmetry B has centre on the y axis, 
and we denote the curvature of B by k. Now consider the area-preserving 
variation corresponding to rotation of the curve ctq about the centre of the 
circle B. This does not change either the enclosed area or the length in B, 
so for the corresponding function if we have 

Jo Wx\ 
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Substituting this in equation (17) then gives a variation in O for which 

^\dnKs\\^^^ = ifiOf (h - K(vr/2 + 6) + ip{lf {R - k(^/2 - 9)) 

= 2^{0f {R- k{it/2 + 6)). 

where we used the symmetry in the last equahty. Since (p{0) ^ 0, it remains 
only to prove that K(7r/2 + 6) > R. 

By symmetry it suffices to prove this for < 6 < Tr/2. The point on 7 
with normal direction making angle 9 with the y axis is given by X(0 + 7r/2), 
where X is given by equation (15). Note that ^ = {h" + h)ie^^ = de'^, so 
integrating we find 

X{7r/2 + 9) = X{tt/2) + / xie^^'d9'. 

By symmetry, the x component of X{'k/2) vanishes, so 

rTv/2+e 

(X(7r/2 + 9),l) = - / rsin(e') d9' . 

Jtt/2 

Now we do the same computation for the circle which meets both X{'k /2-\-9) 
and X{ti/2 — 9) tangentially (i.e. for the boundary of B). Denote the point 
on this circle with normal direction 9 by X{9). By symmetry we have X{tt/2) 
on the y axis, and hence the x component of X{'7r/2 + 9) is given by 

f7T/2 + 9 

(X(7r/2 + 9),1) = - / xsm{9') d9', 

J-k/2 

where r is the radius of curvature of this circle. Since X{t[ /2 + 9) = X{t[/2 + 
9), we have 

__ i:lt'<0')sin{9')d9' 
j:l,'^'M9')d9' 

By assumption, t{9') is strictly decreasing on the interval [tt/2,tt/2 + 9], so 
x{9') > r(7r/2 + 9) for every 9' £ [7r/2, tt/2 + 9). Therefore we have 

i = r > r(7r/2 + 9) = — — - 

as required. This completes the proof of Proposition [Tl| □ 

To complete the proof of Theorem [8] it remains to check that has a 
single boundary curve in Vt for each 9 G (0,7r), and that for each value of 
a G (0, vr) there is a unique 9 E (0, vr) such that \Kq \ = a. This suffices to 
prove the Theorem, since the result of ISZI implies that the isoperimetric 
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region is connected and simply connected, and hence must consist either of 
one of the regions Kq or the exterior of such a region. 

Lemma 12. For each 9 G (0, vr) the disc B centred on the x axis which passes 
through X[9) and X{—9) has curvature strictly greater than the curvature 
of ^ at X{ziz9), and is contained in Q. 

Proof. We first show the inequality between the curvatures. By assumption, 
the point of maximum curvature (hence minimum r) is at = 0, and we 
have r strictly increasing on the interval (0, it/2). Choose the origin to be at 
the centre c of the ball B, and let h be the support function. From equation 
(15) we have X'{(l)) = ire**^, so the vertical component y satisfies y'{4>) = 



x{(j)) cos cj). Since y{0) = by symmetry, we have y{9) = x{(j)) cos cj) dcj) < 

t{9) cos(pd4>. Now the ball B also has y coordinate y(0) = and ^'(0) = 
rcos^, and by assumption y{9) = y{9), so we have 



cos (p d(j) = y (9) = y (9) < x{9) / cos (p dcj), 
Jo 

from which it follows that x{9) > r. 

Next we show that the ball B is inscribed. We prove this only for 9 E 
(0,7r/2), since the result for 9 > it/2 follows by symmetry, and for 9 = 7t/2 
by continuity. It suffices to show that h >x everywhere. We prove this first 
on the interval [0,9]: Set v = h' , and g = r' > 0. From equation ([Ts]) we 
note that X(0) = (/i(0), /i'(0)) lies on the x axis, so u(0) = /i'(0) = 0. Also, 
by our choice of origin re^^ = X{9) = h{9)e^^ + ih'{9)c'^, so v{9) = h'{9) = 
and h{9) = x. We can also write v" + v = q > 0. It follows that u < on 
[0, 9]: For example we can use the representation formula 

, smtp / ,„ , , sm 



sin( 



r ^ , sin(0-0) r 

/ sui[9 — a)da — / sm.ada<\) 

J 6 sm 9 Jq 



for < (j) < 9. Therefore we have /i(</>) = h{9) - h'{a) da > h{9) = x for 
< (f) < 9. By symmetry the same holds for —9 < (p < 0. 

Now on the interval {9,7t/2] we have r((/)) > x{9), so the function w = h — x 
satisfies w{Q) = 0, w'{0) = and f = w" + w > 0. Therefore 

r<f> 

w{(j)) = I sva.{4> — Oi)f{a) da > 0, 
Je 

so that h{(j)) = w{(f)) + r > r for 9 < (p < tt/2, and by symmetry we now have 
h>x on [—tt/2, tt/2], with a strict inequality except at ±9. Also, we have 

'^'{'P) = / cos(0 — a)f{a) da > 0, 
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Figure 5. Construction of the region Kg by intersecting 
with a disk of radius p centred at p, showing the inscribed 
disk B of radius t. 



Thus in particular x{tt/2) = —w'{tt/2) < 0. The reflection symmetry implies 
that y(7r — (/>) = and x{'it — (p) — x{it/2) = —x{4>) — x{n/2), so x{'ir — (/>) = 
+ 2x(7r/2) < -x{(j)). Finally, for (p £ (-• 7r/2,7r/2) we have 

/i(7r + (j)) = x{7r + (/)) cos(7r + + ^(vr + 0) sin(7r + (j)) 

= —{2x{tt/2) — x{—(j))) coscp + y{(p) sincp 

= h{(j)) - 2x(jt/2)cos(I) 

> r. 

Thus we have h >x everywhere, so the ball B is inscribed in Q. □ 

It follows that the boundary dnKg consists of a single arc from X{6) to 
X{—9), since two circles cannot meet at three points unless they are identical. 
It remains only to show that the area is monotone along this family. 

We assume initially that G (0,7r/2). Then the radius of curvature p 
of the boundary curve of Kg is given hy p = ^j^, where y = {X{9),i) is 
the distance of X{9) from the x axis. Noting that dgX = zre*^, we have 
dey = {ne^^,i) = xcos9, where r is the radius of curvature of 7 at X{9). 
From this we obtain the following expression for the rate of change of the 
radius of curvature p of the boundary as 9 varies: 

/ y \ rcos6' ysm9 

dep = og = + — ^ = x + ptan9. 

\ cos 9 J cos 9 cos^ 9 

An expression for the area of Kq can be computed as follows: We compute 

the area of the sector of the disk of radius p and angle vr— 20, subtract the area 
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of the triangle subtended by p, X{9) and X{—9), and add the area between 
7 and the hne from X{9) to X{—9): This gives (assuming 9 E (0,7r/2)) 



9] - p^sin9cos9 + / {X{9') - X{-9')) Xe{9') d9' . 



Differentiating with respect to 9, we find: 

de \K^\ = -p2 + (tt - 29)p{k + ptan0) - /^^(cos^ 9 - sin^ 9) 

-2psm9cos9{x + ptan9) + (X(^) - x xie'^ 

= p2 (-2 + (vr - 26^) tan 6*) + rp ((vr - 29) -2sm9 cos 6*) 

+ 2r 

= p2(-2 + (tt - 261) tan 9) + r/9(7r - 26*). 



" ■ 




— sin 9 




X 




. y . 




cos 9 



Now we use the result of Lemma 12 which gives r > r = t^tq, so that 



-2 + (71 -29) ( tan6' + — *— 
V tany 



-2 + 



TT 



29 



sm a cos ( 



2L2 



(z — sin z) , 
sm z 

where z = tt — 29 and L = {d^Kgl is the length of the boundary curve, 
and we used the identity zp = L. The right-hand side is strictly positive for 
z £ (0, tt), and has limit as z — t- 0. It follows that do A is strictly positive 
for 9 G (0,7r/2], and by symmetry the same is true for e [7r/2, tt). □ 

Remark. Although we do not need it here, one can prove that the family 
Kg is increasing in 9, and in fact one can construct a smooth embedding a 
from (0, 1) X (0, vr) to the interior of such that Kg = cr((0, 1) x (0, 9) and 
dgcr = rjn, so that a varies in the normal direction everywhere. 

5. The equality case and model solutions 

In this section we demonstrate a correspondence between solutions of the 
comparison equation arising in Theorem |3j 

dl 
dt 

and certain solutions of the normalized curve-shortening flow. Note that 
by the expression ([6]), equation (18) is a strictly parabolic fully nonlinear 
equation for / in the region where F[f f , /^/"] > 0. 



(18) 



-r'nff, fn + / + - 2a) - /(/o 



/\2 
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Most important for our purposes is the following method of constructing 
solutions: 

Theorem 13. Let VLq he a compact convex subset ofM?, symmetric in both 
coordinate axes and with smooth boundary curve 70 given by the image of a 
smooth embedding Xq : S'^ ^ M? and having exactly four vertices, with the 
maxima of curvature located on the x axis. Let X : x [0, T) — be 
the solution of ^ with initial data Xq. Then for each t G [0,T), the region 
Qt enclosed by 74 = X{S^,t) is a compact convex region symmetric in both 
coordinate axes, with exactly four vertices and with the maxima of curvature 
located on the x axis. For each t, let Ka^t be the family of isoperimetric 
regions for constructed in Theorem^ and define f{a,t) = \dQ^Ka.t\. 
Then f : (0, vr) x [0, T) — t- M is a symmetric concave solution of the equation 



([T8l) with lima^o ^ = '^ and F[f f , f^f"] > 0. 



Proof. The symmetry of follows from the geometric invariance and uniquess 
of solutions, and preservation of convexity was proved in [GH|. The result of 
[a] implies that the number of critical points of curvature cannot increase, 
and the four- vertex theorem implies there are always at least four vertices, 
so there are always exactly four vertices for t > 0. The symmetry implies 
that these are located on the axes, and the maxima of curvature therefore 
remain on the x axis. It follows from Theorem [s] that f{a,t) is the isoperi- 
metric profile of ^It for each t. The symmetry of / is immediate from the 
symmetry of Qt and the definition of / (i.e. we have f{a,t) = /(tt — a,t)). 
The concavity of / is proved in |SZj (in fact it was proved in jx] that is 
also concave — this can be deduced directly by substituting = 1 in the 



second variation inequality (19) below and using the convexity of ilf). It 



remains to show that / satisfies equation (18). 

For any fixed t, along the family {Ka,t} we have \dfi^Ka,t\ = f{\K^a,t\,t), 
while for all regions we have I^Q^iTl > f{\K\,t). It follows from Lemma [5] 
that Ato- = /', where a is the curvature of the boundary curve a of Ka^t- By 
Lemma [6] the second variation inequality holds, i.e. 
(19) 



1 



fJo 



1 /■! / /■! 



K{u.Mir + K{u+MOy < - ^idx-f{f'Y ^'dx-ff"{ ^dx 



\Jo 



On the other hand, for the particular choice of if corresponding to moving 
through the family {Ka^t} in such a way that the endpoints of the boundary 
curve move with unit speed, we have equality in the above inequality, and 
ip{l) = ^p{0) = 1. Therefore by the definition of 

(20) K(n_) + K(n+) = i^(//',/3/")- 
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Now consider the family of regions {Ka^t} for fixed a, as t varies. The proof 
of Lemma [7] gives that 



= dt{\dn,Kt\-f{\Kt\,t))^^^^^ 
(21) = / - Kiu.) - k{u+) + fin - 2\K\) - f{ff - ^ 



Combining equations (20) and (21), we deduce that (18) holds. □ 

Corollary 14. Let {J7t : < t < T} be any smooth compact embedded 
solution of the normalized curve shortening flow and let {Qt : < 
t < T} be any solution of ^ for which Qq is a smoothly bounded compact 
convex region with reflection symmetries in both coordinate axes and exactly 
four vertices, such that '^{^lQ,a) > ^'(0o,a) for every a G (0,7r). Then 
^(ilt,a) > ^'(et,a) for all a G (0,7r) and all t £ [0,T). 



Proof. Let / : [0,7r] x [0,T) — t- M be as in Theorem |13[ Under the assump- 
tion ^{a,0) > /(a,0), we will construct a family of functions fs satisfying 
the assumptions of Theorem |3] such that lim£_5.o fe = f- That is, we need 
/e(a, 0) < /(a,0), limsupa_j,o < should satisfy the strict 

differential inequality in Theorem [3j 

It is convenient to work with the function v{a, t) = \ f{a, t)"^ instead of /. 
Equation ( 18 ) then becomes 



g[v]+2v + v'{7r-2a)-{v'y 



where 



\ [ 2vv" [v')'^ 2i''sm(z;72jJ / 

Furthermore we know that v is strictly concave by the result of [Kj, and has 
|u'(a)| < vr for a G (0,vr) by combining the strict concavity with the result 
of Proposition [T] 

We accomplish the construction in two stages: First, we construct strictly 
concave solutions of the strict differential inequality on slightly smaller do- 
mains: Fix C > 2, and set /i = 1 — ee*^* and r = Jq /i'^(t') dt', and define 

Vein, t) = fiv (7r/2 + fj.~^{a - vr/2), r) , 
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for £e*-^* < a < TT — ee^^ and ee^^ < 1. Then v'^ = v' and Vev'^ = vv", so 
G[vs] = Q[v]- We also have (denoting time derivatives by dots) 

d . .dv I -1. , 

— = /xu + /XT— - /iu /x(a - 7r/2) 

= g{v\ + (2 + + v'^-K - 2a){\i-^ + ^M~V) - iy'f 

where is always evaluated at (a, t), while w is evaluated at (7r/2 + /n~^(a — 
7r/2),r). We used the identities /xf = 1 and ^jj^ < 1 (coming from our 
choice C > 2). Thus for any e > 0, satisfies the required strict inequality. 

Next we must overcome the difficulty caused by the fact that is not 
defined on the whole interval (0,7r). To do this we simply replace by the 
smallest concave positive function which lies above it, as follows: We define 

v^{a, t) = max |sup |— t;£(a;, t) : x G (a, tt — £e*^*)| , 



sup I Vs{x, t) : X E {ee , a] 

By smoothness and strict concavity of v^, there exists gre*-"* < a-{t) < 7r/2 
depending smoothly on t such that 



Ve{a, t) 



' f-Ve{a-,t), 0<a<a-; 
We (a), a- < a < TT — a- 

^^^Vs{a-,t), TT — a_ < a < TT, 



where a_ is characterized by the condition v'^{a-) = \ Ve is then C^'^ 

and concave, and positive on (0,7r). The corresponding function = \/2ve 
is strictly concave. Note also that v'^{Q) = t'e(a-) € (0,vr), so the boundary 
requirement lim sup^j^Q ^^^f^ < 1 is satisfied. We check that still satisfies 
the strict differential inequality: For a G (o_,7r — a_) this is immediate since 
we have checked the inequality for v^- In the case a G (0, a_) we have 

, ad 

dt ^ ' a-dt ^ ^ 



<-^{g[v,]+2ve + vU7r-2a-)-iv',f). 
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Figure 6. The un-normahzed paperchp for a range of r < 0. 

Since v"{a) = we have G[ve]{a) = > ^g[vs]{a-). Also d'^{a) = <(a_), 
so that 

|^,(a) < g[v,] + 2v, + v^TT - 2a) - {v',f - <(1 " ^)(^ " 

< g[ve\ + 2ve + v',{tt - 2a) - 

The case a G (vr — a_ , vr) follows by symmetry. 

Now for any e > we can apply Theorem [3] to show that ^{Vlt^o) > 
fs{a,t) (we leave it to the reader to check that the fact that fe is only 
C^'^ and piecewise smooth is no obstacle). Letting e — we deduce that 
^{Qt, a) > f{a, t) = '^{St, a) for all a G (0, vr) and t G [0, T). □ 

Corollary 15. Under the conditions of Corollary\T^ the curvature n of dVlt 
satisfies max^fj^ k < max^et 

Proof. This follows immediately from Corollary [14] and the asymptotic be- 
haviour of the isoperimetric profile given in Proposition [l} □ 

6. Upper curvature bound from the Angenent solution 

In this section we compare with an explicit solution to produce an upper 
curvature bound for any embedded smooth solution of the normalized curve 
shortening flow equation Q. The 'paperclip' solution of ([l]) is given by 

= {(x, y) G M X (-vr/2, vr/2) : e^ cosh(5) - cos(y) < 0} , r < 0. 

This solution contracts to the origin with circular asymptotic shape as r — )• 0. 
In bounded regions it converges as r — )• — oo to the parallel lines y = ib|, 
while near the maxima of curvature it is asymptotic to the grim reaper 
{x = —T + log 2 + log cosy}. 

Corresponding to this is the solution of ^ given for t G M by 

Qt = l{x, y) : \y\ < — e*, e~^<' ^* cosh (e"*a:) — cos (e~*y) < o| . 
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The curvatures can be computed exactly: Since Qr is a sub-level set of the 
convex function G{x,y) = e'^coshx — cosy, we have for {x,y) G dQr 



N(x,y) 
so that 



Wg\ 



\/ e^"^ sinh^ x + sin^ y 
N(x,y) = 



e"^ sinh x 
siny 



1 



-1 




T(x,y) = 
The curvature is then given by 
= L>tN -T 



.2r 



— smy 
e"^ sinh x 



^2t 



e"^ sinh x 
siny 



cosh X 



cos y. 



Vl - e2^ ^/T-e- 

The only critical points of k are where y = or x = 0, and the points of 
maximum curvature lie on the x axis and have value (1 — e^"^)"^/^. The 
rescaled regions Qt therefore satisfy the conditions of Theorem [T3| and have 
maximum curvature given by 

-t 

-2t I nf^-4:t\ 



+ 0(e- 



as t 



oo. 



We claim that for any simply connected region Qq of area it with smooth 
boundary 70, there exists to such that ^'(rio) a) ^ ^(©to) " ^ (0' '^)- 

To see this, note that for fixed a G (0, vr) we have ^'(0*, a) = 7re*(l+o(l)) — t- 
as t — >• —00, since @t is asymptotic to a pair of parallel lines with separation 
vre*. The asymptotic grim reaper shape gives for a > 

^{Ot, ae^*) = e*^'(6, a)(l + o(l)) as t ^ -00, 

where & is the grim reaper {x < log cosy, lyl < vr/2}. The existence of a 

e-('-'o) 



suitable to follows, and hence by Corollary 



15 



we have k < 



l-e- 



-2(t-to) ' 



and so K < 1 + |e + 0(e as t — )• 00 for any closed curve evolving 

by the normalized curve shortening flow. 



7. Exterior isoperimetric profile and lower curvature bound 

In order to deduce long-time existence of the solution of normalized curve- 
shortening flow, it suffices to show that the curvature remains bounded. The 
previous section gave an upper bound, and in this section we prove a lower 
bound by considering the exterior isoperimetric profile. We begin with the 
analogue of Theorem [3] for the exterior profile: 

Theorem 16. Let f : M+ x [0, 00) — ?• M 6e continuous, smooth where both 
arguments are positive, concave in the first argument for each t, and such 
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that limsup2_j.o < 1 '^'^'^ l™sup2_j.oo ^/j^ < ^> '^^^ 



< -r'nff, fn + / + - 2a) - /(/' 



dt 

for all a > and t > 0. Suppose = dQt is a family of smooth embedded 
curves evolving by ^ and satisfying "^exti^o, a) > f{(^, 0) for all a > 0, then 
^exti^t, a) > f{a, t) for all t > and a £ (0, vr). 

Proof. The proof is closely analogous to that of Theorem [3j We first estab- 
lish conditions under which the isoperimetric exterior domains are simply 
connected and have a single boundary curve: 

Lemma 17. // / : M+ — t- M is strictly concave and strictly increasing, and 
Q CM? is a compact simply connected domain with ^'(il, a) > /(a) for every 
a > 0, then every region K C M."^ \ Cl with \d^2\^QK\ = f{\K\) and \K\ > is 
connected and simply connected. 

Proof. As in the proof of Lemma [4j ii' is connected since / is strictly con- 
cave. Now suppose that \ (17 U K) is not connected. Then there exists 
a component L of \ ($7 U K) which is bounded. Let K be the interior 
of {K U L) . Then every boundary component (relative to \ 17) of is a 
boundary component of K, so |9]jj2\f^i^| < \d^2\^QK\, while \K\ > \K\. But 
then since / is strictly increasing, we have 

\d^2\nK\<\d^2\^K\=fi\K\)<f{\K\) 

which contradicts the assumption of the Lemma. Therefore K and its com- 
plement in \ 17 are connected, so K is simply connected. □ 

The behaviour of the exterior profile for small a is determined by Propo- 
sition [TJ We also need to establish the behaviour for large a: 

2 compact, hm^^oo '^'^4^^°^ 

Proof. The upper bound is trivial, since for any a > we can choose K to be 
a ball of area a which does not intersect 17, giving /(a) < |i9i^'| = \/4vra. For 
the lower bound, let K be an isoperimetric region of area a in M'^ \ l7. Then 
d^2K C d^2\QK U 517, so |5]r2K| < \d^2\QK\ + |917|. By the isoperimetric 

inequality for the plane we have |(9ig2il'| > -y/47r|ir| = y/Ana. Combining 
these inequalities we find f{\K\) > ^/Atw, — |517|. □ 



Lemma 18. For 17 C compact, lima^oo '^J^^ = 1- 



This guarantees that under the assumptions of Theorem 16, at the first 
time where the inequality does not hold strictly, we must have equality for 
some a £ (0, 00). The remainder of the proof is identical to that in Theorem 
[3] (except that since we are working with the exterior of 17^, the normal 
direction and the curvature are replaced by their negatives throughout). □ 



30 



BEN ANDREWS AND PAUL BRYAN 



To apply this we prove a result analogous to Theorem |8j 

Theorem 19. Let 7 = dfl, where is a smoothly bounded non-compact 
convex region with only one vertex and reflection symmetry in the x axis. 
Let X : (— 7r/2,7r/2) — t- be the map which takes 9 to the point in 7 with 
outward normal direction {cos9,sm6). Then for each 6 G (0,7r/2) there 
exists a unique constant curvature curve cjq which is contained in VI and 
has endpoints at X{6) and X{—6) meeting 7 orthogonally. Let Kq denote 
the compact connected component 0/ 17 \ erg. Then there exists a smooth, 
increasing diffeomorphism 6 from (0, 00) to (0,7r/2) such that Ka = -^^(a) 
has area a for each a £ (0,oo), and the unique isoperimetric regions of area 
a in n is Ka- 

Proof. By convexity, is defined by an embedding X : (— ^0) ~^ for 
some ^0 £ i^:'^/'^] which takes 9 to the point in d^l with outward normal 
direction 6. The argument of [k] shows that ^'(r2,a)^ is strictly concave, 
hence strictly increasing since it is defined and positive for all positive a. By 



the argument in [SZ| or Lemma 17 the boundary of any isoperimetric region 
is a single circular arc meeting dQ orthogonally at both ends. The argument 
of Theorem [8] shows that there is only one candidate for an isoperimetric 
region for each a > 0, which is that given in the Theorem. □ 

To produce suitable solutions of the differential inequality we consider 
suitable non-compact solutions of the normalized flow: 

Theorem 20. Let be a non-compact convex subset o/M^, with smooth 
boundary curve 70 given by the image of a smooth embedding Xq : — )• M^, 
and assume is symmetric in the x axis and has only one vertex. Let 
X : X [0, T) — )• be the solution of ^ with initial data Xq. Then for 
each t G [0,T), the region enclosed by "jt = X{S^,t) is a non-compact 
convex region symmetric in the x axis, with only one vertex. For each t, let 



Kat be the family of isoperimetric regions for Q.t constructed in Theorem 19 



and define f{a,t) = \dQ^Kat\- Then f : (0,oo) x [0,T) -^M. is an increasing 

/27ra 



concave solution of the equation (18) with lima_!.o = 1, J~[f f , f^ f"] > 



0, and lima -.00 = 1- 



The proof is the same as that of Theorem 13, using Theorem 19 instead of 



Theorem [8j Arguing as in Corollary 14 , we deduce the following comparison 
theorem: 

Corollary 21. Let {^It '■ < t < T} be any smooth compact embedded so- 
lution of the normalized curve shortening flow and let {Qt '■ <t < T} 
be a solution of ^ for which Qq is a smoothly bounded non-compact con- 
vex region with reflection symmetry in the x coordinate axes and exactly one 
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vertex, such that extiS^Q-, a) > ^'(Go, a) for every a > 0. Then "^exti^t, a) > 
^(Gt,a) for allaX) and all t £ [0,T). 

The asymptotics for smah a of the exterior profile given in Proposition [T] 
then imply the following: 



Corollary 22. Under the conditions of Corollary 21, mingn^ k > — maxge 



Now we apply this for a particular choice of model region to deduce the 
required lower curvature bound: 

Theorem 23. For any compact embedded solution of ^ there exists C such 
that K{x,t) > -Ce"* for t > 0. 

Proof. We choose as a comparison region a solution of Q arising from a 



homothetically expanding solution of curve shortening flow (see [EH Theo- 
rem 5.1] or |I|) which we can construct as follows: Define h : {—9q,6q) 
implicitly by 

dz 



lh{e) v^l - — C log z 
where 9q G (0,7r/2) is determined by C > 0. 6q is strictly monotone in C 
and approaches as C — t- oo and approaches -7r/2 as C — t- 0. The curve 



given by the image of the map X in Equation (15) on the interval (— ^O) ^o) 
is then a complete convex curve asymptotic to the lines of angle it^o with 
a single critical point of curvature at ^ = 0, at which point the curvature 
takes its maximum value of 1/C. At every point of the curve the equation 
K = — C~^(X, v) holds. Let be the non-compact convex region enclosed by 

this curve. Then the regions Qr = y^^© satisfy the curve-shortening flow, 
and the rescaled regions Ot = r{t)Q satisfy the normalized curve-shortening 



flow ([2f , where r(t) = ^J for t > 0. 

As t = the region 0^ converges to the wedge of angle 26q, so the isoperi- 
metric profile is exactly \/^6Qa for a > 0. In particular for any smooth simply 
compact region Qq, for sufficiently small 9o we have "ifexti^o, o,) > ^'(0o,a) 
for every a, and by continuity we also have ^'ext(^O) o) > ^(0<5) o) for all a 



for small 6 > 0. Corollary 



21 



gives K>-l/(Cr(t)) = --7^J^. □ 



Remark. One could also apply the comparison theorem with ©t = e*"*"© 
for sufficiently large to, where is the convex region enclosed by the grim 
reaper curve. This gives the lower bound k > — Ce~* for some C. The 
comparison used above is interesting because it implies curvature bounds 
for positive times, independent of any initial curvature bound, provided the 
initial exterior isoperimetric profile is bounded below by Cy/a for some C, 
and the initial isoperimetric profile is bounded below by C min{-y/a, \/tt — a}. 
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8. Proof of Grayson's theorem 

We have established upper and lower bounds on curvature for any compact 
simply connected region with boundary evolving by the normalized curve- 
shortening flow, with the upper curvature bound exponentially decaying to 
1 as t — )• oo. The argument in [AB Sections 3-4] applies, proving Grayson's 
theorem. 
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